Abstract. We suggest a definition for the conjugate of an algebraic scheme X over S, and X is said to be Galois closed over S if X is the unique conjugate of X itself over S. Then we will obtain some properties for a Galois closed scheme by specializations in schemes.
Introduction
Let X be a variety defined over an algebraic extension of a field k. Then each k−automorphism σ ∈ Aut k k determines a unique variety X σ , called the conjugate of X over k (See [1] for details). When k is a number field, Serre shows us a well-known example [2] that X an and (X σ ) an are not of the same topological equivalence, where X an is the analytical space associated with X. That is to say, it may happen that π top 1 (X) ≇ π top 1 ((X σ )) for a variety X and σ ∈ Aut k k . However, in virtue of an famous theorem [3] by Grothendieck, the profinite completions of their topological fundamental groups can be equal, that is, π
For a general case of schemes, we think, this phenomenon can not take place under some "good" affine structures of the schemes such as some Galois closed schemes (See our subsequent papers on algebraic fundamental groups). In this paper we will develop the conjugates of a variety to a more general case, the conjugates of an algebraic scheme. For example, put k = Q, and there is the canonical morphism Spec (Q (ξ)) → Spec (Q) for an extension Q (ξ) . Let ξ ′ be a Q−conjugate of ξ, and the affine scheme Spec (Q (ξ ′ )) will called a conjugate of the scheme Spec (Q (ξ)) over the scheme Spec (Q) (See Definition 2.2). Moreover, Spec (Q (ξ)) is said to be Galois closed over Spec (Q) if Q (ξ) is a Galois extension of Q (See Definition 2.4 and Example 2.5). These are the main part of Section 2.
1
As is well-known, the techniques of specializations inaugurated by Weil [1] is very concrete and intuitive for one to study classical varieties, and the case for schemes are previously studied in Grothendieck's EGA such as [4] [5] [6] [7] and [8] . In section 3 we will obtain some further properties for the specializations in a scheme such as the length of a scheme defined by specializations, where we will first discuss the specializations in a topological space since a scheme is a topological space, and then give the special properties for a scheme. In Section 4 we will demonstrate our main theorem in the paper which shows us some properties of a Galois closed scheme (See Theorem 4.4), where we will take an example to reveal the existence of a Galois closed scheme over the given scheme (See Example 4.5). At the end of the paper, we will raise a question on how to construct a Galois closed scheme over a given algebraic scheme, which possibly hints that there may exist a type of generalization of the class field theory in the case of arithmetic schemes.
As there can be distinct differential structures in a manifold, we may have some properties for a scheme which are exactly determined by its admissible affine structures. From this point of view, the discussions in the present paper can be regarded as some of the preliminary studies on the affine structures of schemes.
Convention By a k−variety we understand an algebraic k−scheme in the paper.
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Definitions for conjugates of schemes
We will introduce the conjugates and the Galois closures for k−varieties in this section. Roughly speaking, the conjugates of a k−variety look like the conjugates of a field, and the Galois closure of a k−variety looks like a normal extension of a field.
Recall that a k−variety X, or an algebraic k−scheme, is a scheme of finite type over Spec (k) (See [4] [5] for details). As the composition of two morphisms of finite types is still of finite type, the k−variety X is also algebraic over any finite extension k ′ of k. 2 Given a field extension K/k, and a k−variety S. Let X and Y be two schemes over S satisfying the conditions: (i) X and Y are jointly of finite type over S; (ii) There is an K−isomorphism σ : X → Y which is an S−isomorphism. Then Y is said to be a K− conjugate of X over S, and σ is said to be a K− transformation of X onto Y over S. Moreover, if S = Spec (k) and K = k, Y is simply called a k−conjugate of X, and σ is called a k−transformation of X onto Y.
We denote by Aut k/S (X) the set of k−transformation of X onto X itself over S, which is a group called the k− automorphism group of X over S. If S = Spec (k) , we set Aut k (X) = Aut k/S (X) for brevity.
Let X and Y be k−conjugates over an k−variety S. Evidently, X and Y are both k−varieties.
For a k−transformation in the case that S = Spec (k) , we have the following proposition.
Proposition 2.3 Let X and Y be k−varieties. The following statements are equivalent:
Proof Let ϕ and ψ be the structure morphisms of X and of Y over k, respectively. It is immediate that (i) =⇒ (ii) .
Prove (ii) =⇒ (i) . Let σ be an k−isomorphism of X onto Y . As a closed immersion is affine [5] , σ and its inverse σ −1 are affine morphisms. Then for every open subsets U ⊆ X and V ⊆ Y with σ (U) = V, U is affine if and only if V is affine. Let X be an affine scheme. Then the scheme Y is also affine. Let X = Spec (A) and Y = Spec (B) , and {pt} = Spec (k). It follows that the canonical homo-
Definition 2.4 Given a k−variety S. Let X be a scheme over S with structure morphism f . (i) X is said to be Galois k− closed over S if f is of finite type and X is the unique k−conjugate of X itself over S. (ii) Assume that there is a Galois k−closed scheme X c over S containing X such that there exists the settheoretic relation X c ⊆ X ′ for any Galois k−closed scheme X ′ over S containing X. Then X c is said to be the Galois k− closure of X over S.
Example 2.5 By Proposition 2.3 it is seen that the Q−variety Spec Q √ 2 is Galois Q−closed, and that Aut Q Spec Q √ 2 is isomorphic to the Galois
2 is not a Galois extension of Q. Remark 2.6 From Example 2.5 it is seen that a Galois Q−closed scheme X over a scheme S can be intuitively regarded as "Galois extension of fields" X/S with "Galois group" Aut Q/S (X) .
Given an k−variety X, and set k 0 (X) = ∆, where ∆ runs through all the fields such that X is algebraic over ∆. Proposition 2.7 Given an k−variety X. Then k 0 (X) is the smallest field over which X is algebraic; moreover, k 0 (X) = k ′ , where k ′ runs through all the subfields of k such that k/k ′ is finite.
. This proves that k 0 (X) is the smallest field over which X is algebraic. Take a subfield k
and we have k ′ ⊇ k 0 (X) . And suppose that k ′′ is a subfield of k such that k/k ′′ is a transcendental or is an infinite algebraic extension. Then for an affine open set U of X, O X (U) is not a finitely generated k ′′ −algebra, and X is not of finite
where k ′ runs through all the subfields of k such that k/k ′ is finite.
Specializations in schemes
We will obtain some properties for the specializations in schemes in this section which are of their own interest and will be served to demonstrate our main theorem in next section. To start with we will discuss the specializations in a topological space since the underlying space of a scheme is such a space.
Let E be a topological space, and x, y ∈ E. Then y is called a specialization of x in E if y is in the closure {x} − of {x} (see [4] and [8] ), and is denoted by
. For x ∈ E, we denote by Sp(x) the set of the specializations of
, which is the set of the specializations of x in E 0 . Obviously, we have Sp (x) = {x} − .
Definition 3.1 Let E be a topological space, and x, y ∈ E. (i) If x → y and y → x both hold in E, y is called a generic specialization of x in E, and denoted by x ↔ y (in E). (ii) Let x → y in E. Then y is said to be a closest specialization of x in E if we have either z = x or z = y for any z ∈ E such that x → z and z → y in E. Definition 3.2 Let E be a topological space, and x ∈ E. (i) x is said to be initial if we have x ↔ y for every y ∈ E such that y → x. (ii) x is said to be final if we have x ↔ y for every y ∈ E such that x → y.
Given a point x ∈ E. Then x is final if x is a closed point in E, and x is initial if and only if x is a generic point of an irreducible component of E. However our definitions for "initial" and "final" can emphasize how a point is "from" and "to" in a specialization. Definition 3.3 Let E be a topological space. Assume that E satisfies the condition: There exists one and only one initial point x U in every irreducible closed subset U of E, and we have x U = x V for any irreducible closed subset V of E such that U = V. Then E is said to have the (UIP) − property.
It will be seen that every scheme has the (UIP) −property (See Proposition 3.12).
Definition 3.4 Let E and F be topological spaces. Then a mapping f : E → F is said to be IP − preserving if it satisfies the condition: For any given closed subset U of E, f (x 0 ) is an initial point in the closure of f (U) if x 0 is an initial point in U.
Remark 3.5
Since an open set of an irreducible topological space is irreducible, it is easily seen that every continuous mapping f : E → F is IP-preserving if E is irreducible. Proposition 3.6 Let E be a topological space, and x, y ∈ E. The the following statements are true.
(i) Let U be a closed subset of E with x ∈ U. Then Sp (x) ⊆ U.
(ii) We have x → y in E if and only if Sp (x) ⊇ Sp (y) . Furthermore, we have x ↔ y in E if and only if Sp (x) = Sp (y) .
(iii) Sp (x) is an irreducible closed subset in E.
(iv) Let f : E → F be a continuous mapping of topological spaces. Assume that F has the (UIP) −property and that f is IP−preserving. Then we have
Proof (i) − (ii) It is evident that they are both true by definitions.
(iii) Without loss of generality, assume Sp (x) = U ∪ V and x ∈ U, where U and V are two distinct closed irreducible subsets U and V in E. Since x ∈ U, we have Sp (x) ⊆ U by (i); then Sp (x) = U and V = ∅. This proves that Sp (x) is irreducible and closed in E.
(
is an initial point in V . Obviously, V is irreducible and f (x) is an initial point in Sp (f (x)) . Then we have V = Sp (f (x)) by the (UIP) −property of F. This proves that f (y) ∈ Sp (f (x)) .
For a typical scheme, we have the following proposition. Proposition 3.7 Let X be an Artinian scheme. Then every point x ∈ X is both initial and final.
Proof By Proposition 6.2.2 [4] it is seen that every x ∈ X is closed. Then we have Sp (x) = {x} for any x ∈ X by Proposition 3.6.
Let E be a topological space, and x, y ∈ E with x → y. For a restrict series of specializations from x to y in E, denoted by Γ (x, y) , we understand that a series of specializations x = x 0 → x 1 → · · · → x n = y in E satisfying the condition: We have y = x if x ↔ y, or each x i is not a specialization of x i+1 for i = 0, 1, · · · , n − 1 if x is not a specialization of y in E. The length of the series Γ (x, y) is defined to be n.
Definition 3.8 Given a topological space E. (i) Let x, y ∈ E such that x → y. Then the length from x to y (or the length of the specialization x → y), denoted by l (x, y) , is defined to be the supremum among the lengths of all restrict series of specializations from x to y. (ii) Define l (E) = sup{l (x, y) | x, y ∈ Esuch that x → y}. Then l (E) is said to be the length of the topological
As usual, we denote by dimE the dimension of a topological space E. Proposition 3.10 Let E be a topological space dim E < ∞. The following statements are true.
(i) Let Γ (x 0 , x n ) be a presentation for the length of E. Then x 0 is initial and x n is final.
(ii) Assume that E is of the (UIP)-property. Then we have l (E) = dim E. Proof(i) It is immediate by the definitions.
(ii) Hypothesize that l (E) = ∞. That is, for any n ∈ N there is a restrict series of specializations in E: x 0 → x 1 → · · · → x n . Then we have a chain of closed subsets in E: Sp (x 0 ) Sp (x 1 ) · · · Sp (x n ) . From Proposition 3.6 it is seen that Sp (x 0 ) , Sp (x 1 ) , · · · , Sp (x n ) are irreducible closed subsets; then we will get dim E = ∞, which is a contradiction with our assumption that dim E < ∞. Hence, we must have l (E) < ∞. This also proves that l (E) ≤ dim E.
Let dim E = n 0 , and we have a chain of irreducible closed subsets in E :
Since E is of the (UIP)-property, each subset F j has the unique initial point x F j . In virtue of Proposition 3.6 it is seen that there is a restrict series of specializations in E :
Correspondent to the above propositions, there are the following propositions for schemes; however the specializations in a scheme have the fine properties of their own which are quite different from those in a topological space.
Proposition 3.11 Given a scheme X. The following statements are true.
(i) Let X be affine and X = Spec (A) . Then for any x, y ∈ X we have x → y in X if and only if j x ⊆ j y in A, where j x and j y are the prime ideals in A respectively corresponding to x and y.
(ii) Let x, y ∈ X. Then we have x ↔ y in X if and only if x = y. Proof (i) Assume x → y. By Proposition 1.1.4 [4] we have Sp (x) = V (j x ) and Sp (y) = V (j y ) . As x → y, we have Sp (x) ⊇ Sp (y) by Proposition 3.6. It follows that y ∈ V (j y ) ⊆ V (j x ) . This proves that j x ⊆ j y . Conversely, assume that j x ⊆ j y . Then we have
(ii) It is sufficient to prove ⇒. Let x ↔ y. Assume that X is affine and X = Spec (A) . As x ↔ y, we have j x = j y by (i) . That is, x = y.
For a general case that X is a scheme, we take an affine open subset U of X such that x ∈ U. Given any z ∈ Sp (x) | U , that is, z ∈ Sp(x) U. Since x ↔ y, we have Sp(x) = Sp(y) by Proposition 3.6, and then Sp(x) U = Sp(y) U is open in Sp(x). Obviously, x and y are both the generic points of Sp(x) = Sp(y). Since Sp (x) is irreducible, we have x, y ∈ U, and hence x ↔ y in U. In the affine scheme U = Spec (A) , we have x = y.
Given any irreducible closed subscheme X 0 of a scheme X. We claim that there exists one and only one initial point of X 0 in X.
In fact, take any affine open subset U of X such that U ∩ X 0 = ∅, and put U = Spec (A) . Then U 0 = U ∩ X 0 is closed in U and is open in X 0 . Let Σ = {j z | z ∈ U 0 }. By the relation of inclusions ⊆, Σ is a partially ordered set. In virtue of Zorn's Lemma, there exist minimal elements in Σ, and we denote by Σ 0 the set of the minimal elements in Σ. Let z 0 ∈ U 0 with j z 0 ∈ Σ 0 . By (i) of Proposition 3.11 it is seen that z 0 is an initial point in U 0 . As X 0 is irreducible, U 0 is irreducible. By Proposition 2.1.5 [4] , X 0 has the unique generic point y 0 . Then y 0 is also the generic point of U 0 . That is, we have Sp (y 0 )
, and hence y 0 ↔ z 0 in U 0 . By (ii) of Proposition 3.11 we have z 0 = y 0 . Thus z 0 is an initial point in X 0 . This proves the existence. Let x 0 and y 0 be both initial points in X 0 . Then We have x 0 ↔ y 0 in X 0 . By (ii) of Proposition 3.11 we have x 0 = y 0 . This proves the uniqueness.
Therefore, X is of the (UIP)-property by Proposition 3.11. This proves the following proposition. From Proposition 3.11 it is seen that a point x 0 of X is a initial point in X if and only if x 0 is the unique generic point of an irreducible component of X.
Proposition 3.13 Let X be a scheme. Then we have the following statements. (i) Let X be irreducible and l (X) < ∞. For a closed subscheme X 0 of X, we have X 0 = X if and only if l (X 0 ) = l (X) .
(ii) We have dim X < ∞ if and only if l (X) < ∞; moreover, we have dim X = l (X) if dim X < ∞.
Proof (i) Assume that l (X 0 ) = l (X) . We prove that X 0 = X. As l (X) < ∞, there is a series of specializations Γ (x 0 , x n ) which is a presentation for the length l (X 0 ) , and hence Γ (x 0 , x n ) is still such for l (X) . It follows that x 0 ∈ X 0 is the generic point of the irreducible scheme X. Then we have
Obviously, the converse is true.
(ii) Assume dimX < ∞. Then we have l(X) = dimX < ∞ by Propositions 3.10 and 3.12.
Conversely, assume l (X) < ∞. Hypothesize that dim X = ∞. Then for any n ∈ N there are irreducible closed subsets in X : F 0 F 1 · · · F n+1 . By Proposition 3.12 we have x i ∈ F i which is initial in F i for i = 0, 1, · · · , n. Then we have
that is, x 0 → x 1 → · · · → x n in X, and hence l (X) = ∞, where we obtain a contradiction. Therefore we must have dim X < ∞.
Corollary 3.14 Given any morphism f : X → Y of schemes. Then f is IPpreserving; moreover, f is specialization-preserving, that is, we have
Proof It is immediate by Propositions 3.6 and 3.12. Proposition 3.15 Let f : X → Y be a morphism of schemes. (i) Assume that f is length-preserving. Then the restriction of f on Sp(x) is injective for any x ∈ X. (ii) Assume that f is level-separated. Then we have f (x) = f (y) for any distinct x, y ∈ X such that l(x) = l(y) < ∞.
Proof It is immediate from Propositions 3.11 and 3.13. Remark 3.16 By Proposition 3.11, the specializations in a scheme can be regarded as a generalization of those in a classical variety (See [1] ). 
is of J−type for any affine open sets V of Y and
The following is our main theorem in the paper.
Theorem 4.4 Given an integral k−variety X of finite dimension, and a morphism f : X → Y = Spec (A) , where A = k [T 1 , T 2 , · · · , T n ] and T 1 , T 2 , · · · , T n are algebraically independent over k; let ξ be the generic point of X. Suppose that X is Galois k−closed over Y by f , and that f is both level-separated and length-preserving.
(i) Let f (X) = Y . Then O X,ξ is F r(A)−complete and f is quasi-finite.
(ii) Put ch(k) = 0. Let f be of finite J−type, and f (X) be closed in Y. Then k (ξ) is a Galois extension of F r(A), and Aut k/Y (X) is a subgroup of Gal(k (ξ)/F r(A)).
The following example shows the existence of a k−variety which is Galois
, and let K be the normal closure of the field F r(A), and σ the embedding of F r(A) into K. Take an integral domain B such that K = F r(B) and that A can be embedded into B by σ. Then Spec (B) is a Galois k−closed over Spec (A) by the induced structure morphism, where under some technical assumptions we can choose the structure morphism both level-separated and length-preserving.
In order to prove Theorem 4.4, we will proceed to demonstrate the following propositions. Proposition 4.6 Given an integral scheme X. Then for any x, y ∈ X such that x → y in X, there is a canonical ring monomorphism i x,y : O X,y → O X,x .
Proof Take any affine open set U of X such that y ∈ U. By Proposition 3.6, Sp(x) is an irreducible closed set of X; as Sp(x) U is open in Sp(x), it is seen that x is also a generic point of Sp(x) U since x is a generic point of Sp(x) by Propositions 3.11 and 3.12. This proves x ∈ U.
Let U = Spec (A) . As x → y in X, we have x → y in U. Again by Proposition 3.11 we have j x ⊆ j y in the ring A.
Let S = A j y and T = A j x . Evidently, S ⊆ T ; then we have a canonical homomorphism ρ
, we have the canonical ring monomor-
A . Proposition 4.7 Given an irreducible scheme X. Then there is a point ξ ∈ X such that σ (ξ) = ξ for any isomorphism σ : X → X.
Proof As X is irreducible, there is the unique initial point ξ in X in virtue of Proposition 3.12. Let σ : X → X be an isomorphism and ζ = σ (ξ). Given any y ∈ X, and there is a unique x ∈ X such that y = σ (x) . By Corollary 3.14, we have ζ → y in X since ξ → x in X. Hence, ζ is an initial point in X, and we have ξ ↔ ζ in X. By Proposition 3.11, we have ζ = ξ.
Proposition 4.8 Let T 1 , T 2 , · · · , T n be algebraically independent variables over a field k.
. Then X is reduced since the local ring A f is a subring of the field k (T 1 , T 2 , · · · , T n ) for any f ∈ A and A can be covered by affine open sets D (f ) of A. On the other hand, let ξ ∈ X such that
,and hence ξ → x in X; it follows that ξ is an initial point of X; by Proposition 3.6, X is irreducible. Hence, X is integral. Proposition 4.9 Let X, Y be irreducible schemes of finite dimensions, and f : X → Y a morphism. Then f is injective if f is both level-separated and length-preserving.
Proof Let f be level-separated and length-preserving. Take any distinct points x, y ∈ X. By Proposition 3.12 there is the unique initial point ξ of X.
Assume x = ξ. We have y = ξ, and then x → y in X; hence, ∞ > l (x, y) > 0. As f is length-preserving, we have l (f (x) , f (y)) = l (x, y) > 0. This proves f (x) = f (y) .
Now let x = ξ and y = ξ.
(ii) Assume l (x) > l (y) and y / ∈ Sp (x) . By taking a presentation for the length l (x), we can find a point x 0 ∈ Sp (x) such that l (x 0 ) = l(y) . Then we have l (x, x 0 ) > 0 and x 0 = y. As f is level-separated, it is seen that f (x 0 ) = f (y) .
As
Thus we have l (ξ, y) = l (ξ, x) + l (x, x 0 ) . It follows that we have
and then l (f (x) , f (x 0 )) = 0, which is a contradiction. Proposition 4.10 Let X, Y be irreducible schemes of the same finite dimensions, and f : X → Y a morphism. Then f : X → Y is surjective if f is length-preserving and f (Y ) is closed in Y .
Proof Let dim X = dim Y = n. By (ii) of Proposition 3.13 we have l (X) = l (Y ) = n. Put Y 0 = f (Y ) , and take a presentation for the length of X :
Then there is a series of specializations:
Since Y 0 is closed in Y, it is seen that Y 0 = Y by (i) of Proposition 3.13. Lemma 4.11 [9] Let R, S be commutative rings with identities and τ : R → S a homomorphism of J−type. Then for any chain of prime ideals p 0 ⊆ p 1 ⊆ · · · ⊆ p n in R there exists a chain of prime ideals
Proof See Corollary 2.3 [9] for details.
Proposition 4.12 Given irreducible schemes X and Y which are both of finite dimensions. Assume that there is a morphism f : X → Y which is both lengthpreserving and of finite J−type. Then we have dim X = dim Y.
Proof Given any affine open sets V of Y and U of f −1 (V ) such that V f (X) = ∅, and let V = Spec (R) and U = Spec (S) .
Take any restrict series of specializations y 0 → y 1 → · · · → y n in V. By Proposition 3.11 we obtain a chain of prime ideals j y 0 ⊆ j y 1 ⊆ · · · ⊆ j yn in R. From Lemma 4.11 we have prime ideals
As f is length-preserving, there is a restrict series of special-
Conversely, it is seen that l (U) ≤ l (V ) since f is length-preserving. Thus we have l (U) = l (V ) . By proposition 3.13 we have dim U = dim V. As X and Y are both irreducible, we have dim X = dim Y. Definition 4.13 Let E, F be two finitely generated extensions of a field k. (i) The quantities w 1 , w 2 , · · · , w n are said to be a nice k-basis of E if they generate E over k such that w 1 , w 2 , · · · , w r constitute a transcendental basis of E over k and that w r+1 , w r+2 , · · · , w n are linearly independent over k(w 1 , w 2 , · · · , w r ).
(ii) E is said to be a k−conjugation of F if there exists such a nice k−basis w 1 , w 2 , · · · , w n of E such that E is k(w 1 , w 2 , · · · , w r )−isomorphic with F , where w 1 , w 2 , · · · , w r are a transcendental basis of E over k.
Suppose that E, F are algebraic extensions of a field k. It is clear that E is a k−conjugation of F if and only E is a k−conjugate of F . for every open set U of an integral scheme X, where x ∈ U and ξ is the generic point of X. Hence Definition 4.14 makes sense. Proof Obviously, we have O X,ξ = F r(O X,ξ ) and O Y,η = F r(O Y,η ); by Corollary 3.14 it is seen that ϕ(ξ) = η.
Take an affine open set V of Y . By Proposition 4.15 there exists an affine open set U of X such that U ⊆ ϕ −1 (V ) and that U has a complete set of
